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Introduction
Let g be a simple finite-dimensional complex Lie algebra and G = g ⊗ C[t, t −1 ] the loop algebra of g with commutation relations [x ⊗ f, y ⊗ g] = [xy] ⊗ f g, where x, y ∈ g and f, g ∈ C[t, t −1 ]. We will denote byĜ the universal central extension of G, which is the untwisted affine Kac-Moody Lie algebra of g.
The Krichever-Novikov algebras are composed by meromorphic objects on a compact Riemann surface which are holomorphic outside a fixed set of points. These algebras where introduced by Krichever and Novikov in their study of string theory in Minkowski space (see [1] , [2] ). In the construction of the loop algebra, we may replace the Laurent polynomial algebra by any other commutative associative complex algebra, say R, and consider the universal central extension of g ⊗ R. One natural generalization of the Laurent polynomials is the algebra C[t, (t − a 1 ) −1 , . . . , (t − a n−1 ) −1 ] of rational functions with restricted denominators which gives the n-point affine Lie algebras. Another generalization may be obtained replacing R by the algebra of regular functions on a compact algebraic curve of any genus with an arbitrary finite set of points removed. These algebras are examples of Krichever-Novikov algebras.
Hyperelliptic affine Lie algebras form a family of Krichever-Novikov Lie algebras with the hyperelliptic algebra R = C[t, t −1 , u] where u 2 = t(t − α 1 ) · · · (t − α 2n ). The hyperelliptic curves are the simplest case of superelliptic curves u m = k(t), where m ∈ N, m ≥ 2 and k(t) ∈ C[t]. The superelliptic Lie algebra recently have been considered by Cox, Guo, Lu and Zhao in [3] . A natural question that arises on the geometric context of algebraic curves is whether the already developed theory and applications of the hyperelliptic curves can be extended to the superelliptic curves (see [4] ).
One of the important results of Bremner in [5] was a construction of a basis for the kernel of the universal central extension of hyperelliptic loop algebras. This result is relevant for the representation theory and structure of Krichever-Novikov algebras, cf. [6] , [7] , [8] .
The first main result of this paper is to determine a finite spanning set for the kernel of the universal central extension of the superelliptic loop algebra corresponding to curves u m = d i=0 a i t i with m ≥ 2, a d = 1 and both a 0 , a 1 are non zero: Theorem 2.7:A finite spanning set for Ω 1 R /dR is given by t −1 dt, together with
Previous works showed that in some cases, g ⊗ R, where R is superelliptic, are N -point loop algebras (see [9] and [6] ). Our second main result proves that not all superelliptic loop algebra is an N -point loop algebra: Theorem 3.1:Let m, n ∈ N with gcd(m, n) = 1 and 2 ≤ n < m.
The structure of the paper is the following. In Section 1 we recall basic facts about universal central extensions of Lie algebras. In Section 2 through several inductive steps we construct a finite spanning set for the kernel of the universal central extension of superelliptic loop algebras. In the Section 3 we prove Theorem 3.1 using the StothersMason theorem.
The universal central extension of a Lie algebra
Let L be a Lie algebra and an abelian Lie algebra K, a central extensionL of L by K is a short exact sequence of Lie algebras
A central extensionL of L is said to be universal central extension if for every central extensionL ′ of L, there exists a unique pair of Lie algebra homomorphism
2 The universal central extension: a finite spanning set for the center
We now consider rings R of the form C[t, t −1 , u] where u m ∈ C[t], with m ≥ 2; thus R has a basis consisting of t i , t i u, t i u 2 . . . , t i u m−1 for i ∈ Z. We will assume that u m = k(t) ∈ C[t] and that 0 has multiplicity ≤ 1 as a root of k(t). We write k(t) = 
We call G = g⊗R superelliptic loop algebra. The Z/(m−1)-grading induces the structure of a Z/(m−1)-graded Lie algebra on G by setting G i = g⊗R i (i = 0, 1, 2, . . . , m−1).
If we writeĜ for the universal central extension of G, then as vector spaces we havê G = G ⊕ C, where C is the kernel of the surjective homomorphism fromĜ onto G. That means C is the center ofĜ. By Kassel's theorem [10] , the kernel C is linearly isomorphic to Ω 1 R /dR, the space of Kähler differentials of R modulo exact differentials.
Our goal is determine a finite spanning set for
we denote the coset of f dg modulo dR by f dg. The commutation relations forĜ, the universal central extension of G, are
where x, y ∈ g, f, g ∈ R and ω, ω ′ ∈ Ω 1 R /dR; here (x, y) denotes the Killing form on g. All of these objects have a Z/(m − 1)-grading induced by that on R. The elements t i u k ⊗ t j u l , with i, j ∈ Z and k, l ∈ {0, 1, . . . , m − 1} form a basis of R ⊗ R.
R is spanned by the differentials t i u k dt and t i u l du with i ∈ Z, k ∈ {0, 1, . . . , m − 1}, and l ∈ {0, l, . . . , m − 2}.
Proof We have to show that any basis element of R ⊗ R is congruent modulo K to an element in the span of t i u k ⊗ t and t i u l ⊗ u with i ∈ Z, k ∈ {0, 1, . . . , m − 1}, and l ∈ {0, 1, . . . , m − 2}. We easily show by induction that
Since K is a submodule of R ⊗ R, we can multiply (2.2) by t i u k :
This shows that any element in the basis of R ⊗ R is equal to an element in the span of t i u k dt, and t i u l du with k ∈ {0, 1, . . . , m − 1}, and l ∈ {0, l, . . . , m − 2}. ✷ Lemma 2.3 Ω 1 R is spanned by the differentials t i dt, t i udt, . . . , t i u m−1 dt, with i ∈ Z, together with t d−1 u l du, . . . , tu l du, u l du (where we omit u l du if a 0 = 0), with l ∈ {0, 1, . . . , m− 2}.
Proof We have
We multiply equation (2.4) by t i to get
First assume that a 0 = 0. For i ≥ 0, formula (2.5) shows (since a d = 1) that t i+d du is equal to a linear combination of t i+d−1 du, · · · , t i du and elements of the form t j udt. For i ≤ −1 it shows (since a 0 = 0) that t i du is equal to a linear combination of t i+1 du, · · · , t i+d du and elements of the form t j udt. From this we show by induction that elements of the form t i du are equal to a linear combination of du, . . . , t d−1 du and elements of the form t j udt. If a 0 = 0 then for i ≥ 0, t i+d du is equal to a linear combination of t i+d−1 du, . . . , t i+1 du and elements of the form t j udt, and for i ≤ −1, since a 1 = 0, t i+1 du is equal to a linear combination of t i+2 du, . . . , t i+d du and elements of the form t j udt. The rest of the argument is similar.
We can multiply formula (2.4) by t i u l to get
Similarly, from this we show by induction that elements of the form t i u l du are equal to a linear combination of u l−1 du, . . . , t d−1 u l−1 du (where we omit u l−1 du if a 0 = 0), and elements of the form t j u l dt. Now Lemma 2.1 completes the proof. ✷ Theorem 2.7 A finite spanning set for Ω 1 R /dR is given by t −1 dt, together with t −1 u l dt,. . . ,
Next, we consider the space (
. This space is spanned by t i udt together with t d−1 du, . . . , tdu (and du if a 0 = 0). We have d(t i u) = it i−1 udt + t i du, and so
Thus we only need to consider the elements t i udt. We will show that modulo dR each of these elements is congruent to a linear combination of the finite set listed in the statement of Theorem 2.7. First suppose that a 0 = 0. We have t i−1 udt ≡ −(1/i)t i du (mod dR) for i = 0. By formula (2.5), we know that t i du is a linear combination of t i+1 du, . . . , t i+d du and t i udt, . . . , t i+d−1 dt. Using (2.8), we see that t i du, and hence also t i−1 udt, is congruent modulo dR to an element in the span of t i udt, . . . , t i+d−1 udt. Now using induction, we see that for i ≤ −d − 1, the element t i−1 udt is congruent modulo dR to a linear combination of t −d udt, . . . , t −1 udt.
We also have
By formula (2.5) again we know that t i+d du is a linear combination of t i+d−1 du, . . . , t i du and t i+d−1 udt, . . . , t i udt. The coefficient of t i+d−1 udt in this linear combination is (d/m); hence we can solve for t i+d−1 udt , showing that it is congruent modulo dR to a linear combination of the same elements (excluding t i+d−1 udt). By (2.8) we see that t i+d−1 udt is congruent modulo dR to a linear combination of t i+d−2 udt, . . . , t i−1 udt. Now setting j = i + d − 1 and using induction, we see that for j ≥ 0 (that is i ≥ −d + 1), the element t j udt is congruent modulo dR to a linear combination of t −1 udt, . . . , t −d udt.
The proof in the case a 0 = 0 (and a 1 = 0) is similar. Then, we consider the spaces (
Thus we only need to consider elements t i u l du.
Suppose that a 0 = 0. We have t i u l−1 du ≡ (−i/l)t i−1 u l dt (mod dR) for i = 0. By formula (2.6), we know that t i u l−1 du is a linear combination of t i+1 u l−1 du, . . . , t i+d u l−1 du and t i u l dt, . . . , t i+d−1 u l dt. Using (2.9), we see that t i+1 u l−1 du, and hence also t i u l dt, is congruent modulo dR to an element in the span of t i u l dt, . . . , t i+d−1 u l dt. Now using induction, we see that for i ≤ −d − 1, the element t i−1 u l dt is congruent modulo dR to a linear combination of t −d u l dt, . . . , t −1 u l dt.
By formula (2.6) again we know that t i+d u l−1 du is a linear combination of t i+d−1 u l−1 du, . . . , t i u l−1 du and t i+d−1 u l dt, . . . , t i u l dt. The coefficient of t i+d−1 u l dt in this linear combination is d/m; hence we can solve for t i+d−1 u l−1 dt, showing that it is congruent modulo dR to a linear combination of the same elements (excluding t i+d−1 u l−1 dt). By (2.9) we see that t i+d−1 u l dt is congruent modulo dR to a linear combination of t i+d−2 u l dt, . . . , t i−1 u l dt. Now setting j = i + d − 1 and using induction, we see that for j ≥ 0 (that is i ≥ −d + 1), the element t j u l dt is congruent modulo dR to a linear combination of
The proof in the case a 0 = 0 (and a 1 = 0) is similar.
The superelliptic loop Lie algebras and N -point algebras
Here we show that g ⊗ R is not an N -point loop Lie algebra when R = C[t ±1 , u]/ u m − t n − 1 .
Theorem 3.1 Let m, n ∈ N with gcd(m, n) = 1 and 2 ≤ n < m. The ring R = C[t, t −1 , u]/ u m − t n − 1 is not a N -point ring.
Proof Suppose that R is a N -point ring. Then R it needs to be a subring of C(z).
As a subring of C(z) we can make u correspond to p/q and t to r/s where p and q, r and s are coprime polynomials. If q = α (t − α) qα and s = α (t − α) sα , p m − q n = 1 forces that, comparing poles, mq α = ns α . Then q α = nk α and s α = mk α for some k α . a contradiction. Similarly we deduce contradictions if nR or mnD is the maximum. ✷ We conclude that the m-th superelliptic loop Lie algebra g ⊗ C[t ±1 , u]/ u m − t n − 1 is not a n-point loop algebra.
